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1. INTRODUCTION
In this paper, all groups considered are ﬁnite. The Fitting height of a
solvable group G is deﬁned as the length of its shortest chain of normal
subgroups including 1 and G such that all the factor groups along the
chain are nilpotent. Thus, the Fitting height is a number, denoted by hG,
which in some sense measures how far G is from being nilpotent. The
nontrivial nilpotent groups have Fitting height 1.
The Fitting subgroup of G, denoted by FG, is deﬁned as the largest
nilpotent normal subgroup of G. The Fitting height may alternatively be
deﬁned in terms of the group’s Fitting series, which is deﬁned inductively as
follows. Let F0G = 1, and for each integer i ≥ 1, deﬁne the subgroup
FiG by letting FiG/Fi−1G denote the Fitting subgroup of G/Fi−1G.
Whenever a group G > 1 is solvable, then FG > 1, and from this it
follows that Fi−1G < FiG whenever Fi−1G < G. Because G is ﬁnite,
there is a unique smallest integer h such that FhG = G, and this number h
coincides with hG.
Following standard notation, we let IrrG denote the set of complex
irreducible characters of a group G, and let cdG be the set of degrees of
the members of IrrG. If G is solvable, what kinds of upper bounds can
be placed on the Fitting height hG in terms of cdG , the number of
distinct irreducible character degrees? In 1974, S. Garrison proved (see [1])
that hG ≤ cdG. Garrison’s bound is an immediate consequence of the
following more fundamental fact (see [3, Theorem 12.19]).
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Theorem 1.1 (Broline–Garrison). Let G be a solvable, nonabelian
group. Then the largest degree in cdG is not a member of cdG/FG.
Corollary 1.2 (Garrison). Let G be a solvable group. Then hG ≤
cdG.
Proof of Corollary 1.2. Use induction on cdG. Write h = hG and
n = cdG. Since 1 ∈ cdG, we know that n ≥ 1. We may assume that
h > 1, which says that G is nonnilpotent. Write F = FG. Every member
of IrrG/F may be viewed as a member of IrrG whose kernel contains F ,
and so cdG/F ⊆ cdG. By Theorem 1.1, this inclusion is proper, and so
cdG/F < cdG. The inductive hypothesis applies to G/F and gives
h− 1 = hG/F ≤ cdG/F ≤ n− 1, and so h ≤ n.
Within the last few years, T. Keller [4] has determined, for groups of odd
order, an upper bound on hG that is logarithmic in cdG, and recently
Keller has managed to do the same without any oddness hypothesis. Keller’s
work shows that as the number of character degrees becomes very large,
hG is forced to be much smaller than cdG. While Keller’s bound is
a substantial improvement over Garrison’s in case cdG is large, it does
not address situations in which cdG is small.
We seek to improve on Garrison’s bound at the end of the problem
opposite from that which Keller has addressed. We seek best-possible upper
bounds on the Fitting height hG for particular small values of cdG.
One can easily ﬁnd examples of groups (including groups of odd order)
that show Garrison’s bound hG ≤ cdG is already best-possible in the
cases cdG ≤ 3. For example, if G = Sym4, then cdG = 1	 2	 3
and hG = 3. For groups with four character degrees, however, we have
obtained the following improvement on Garrison’s bound.
Theorem A. Let G be a solvable group satisfying cdG = 4. Then
hG ≤ 3.
The general linear group G = GL2	 3 satisﬁes cdG = 1	 2	 3	 4 and
hG = 3. This particular group tells us that for groups with exactly four
character degrees, the upper bound on Fitting height provided by Theo-
rem A is best-possible. Theorem A represents an “improvement by 1” over
Garrison’s bound, for groups with four degrees. This improvement by 1
continues to hold for groups with more than four degrees.
Corollary B. If G is a solvable group and cdG ≥ 4, then hG ≤
cdG − 1.
One special case of Corollary B says that any solvable group with exactly
ﬁve degrees has Fitting height at most 4. For any prime power q satisfying
q2 ≡ 1mod 16, there is a solvable subgroup H of order 48 in SL2	 q,
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which acts on the vector space V of dimension 2 over GFq. The corre-
sponding semidirect product G = V H has Fitting height 4 and satisﬁes
cdG = 1	 2	 3	 4	 48. In particular, cdG = 5 while hG = 4, and so
this special case of Corollary B is a best-possible bound.
We do not know of any group G satisfying cdG = 6 and hG = 5.
Some of the results in this paper are proved in a slightly stronger form
than what is needed for our present purposes, so that we might reference
these in a future paper.
2. PRELIMINARIES
In this section we collect some results to help prove Theorem A. Our
ﬁrst two results translate prime-characteristic representation-theoretic
information into characteristic zero information.
Theorem 2.1. Let V be a faithful, irreducible EX-module, for a solvable
group X and a ﬁnite ﬁeld E of characteristic p. Then there exists χ ∈ IrrX
faithful such that
(i) χ1 is a divisor of dimEV .
(ii) If S is any subgroup of X such that p does not divide S and the
restriction χS has a principal constituent, then CV S is nontrivial.
Proof. Let n = dimEV . Observe that D = EndEXV  is a ﬁnite ﬁeld
containing E and write e = D  E. Thus V is an absolutely irreducible
DX-module of dimension m = n/e. Choose a D-basis for V and use it to
produce a faithful, absolutely irreducible D-representation  for X.
Let R be the ring of algebraic integers in  and choose a maximal ideal
M of R containing the ideal pR. The ﬁeld F = R/M has characteristic
p and is algebraically closed (see [3, Lemma 15.1]). We may view D as a
subﬁeld of F , and so  becomes a faithful, irreducible F-representation
of X. Write F to emphasize this change in viewpoint.
Let β be the irreducible Brauer character corresponding to F . By the
Fong–Swan theorem [5, Theorem 10.1], there exists χ ∈ IrrX such that
χx = βx for all p-regular elements x ∈ X. In particular χ1 = β1 =
m, and so χ1 divides n = dimEV , proving (i).
For (ii), suppose p does not divide S. The restricted representation
FS  S → GLm	F is completely reducible. Let 1	    	t denote its
irreducible constituents, including multiplicities. Each representation i is
absolutely irreducible, and its corresponding Brauer character βi is deﬁned
on all the elements of S. The Fong–Swan theorem implies that βi ∈ IrrS.
It follows that χS = βS =
∑
βi.
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Suppose that β1 is the principal character of S. By [5, Theorem 1.19], 1
is the trivial representation, and so there exists a row vector 0 = v ∈ Fm
such that vs − I = 0, where I is the identity matrix, for all elements
s ∈ S. Hence there exists a row vector 0 = w ∈ Dm such that ws − I =
0 for all elements s ∈ S. The space of row vectors Dm is naturally associated
with V , and so CV S > 0. This proves (ii).
Finally we show that χ is faithful. Suppose that kerχ > 1. Since X has
a faithful, irreducible module in characteristic p, we have OpX = 1, and
so kerχ is not a p-group. Choose 1 = x ∈ kerχ of order not divisible
by p. Because F is algebraically closed, the matrix x is diagonalizable,
by Maschke’s theorem. Since x ∈ kerχ, we have m = χ1 = χx =
βx = u1 + · · · + um, where each ui is a complex root of unity. It follows
that u1 = u2 = · · · = um = 1. The eigenvalues of the diagonalizable matrix
x are all 1, and so this must be the identity matrix, contradicting the
faithfulness of the representation  .
In case the group X in Theorem 2.1 is nonabelian, the faithfulness of
χ implies that χ1 > 1, while condition (i) says that χ1 is still not too
large. This “small” character degree will be useful in later arguments.
Corollary 2.2. Let G be a solvable nonabelian group, let E be a ﬁnite
ﬁeld of characteristic p, and let V be a faithful EG-module of dimension
k. If G′ is not a p-group, then there exists d ∈ cdG − 1 dividing the
dimension of some G-composition factor of V , and so in particular d ≤ k.
Proof. Choose a composition series 0 = V0 < V1 < V2 < · · · < Vs = V
for V as a G-module. Write Ki = CGVi/Vi−1. At least one of the G/Ki is
nonabelian. For otherwise, if we choose 1 < H ⊆ G′ of order not divisible
by p, then H acts trivially on V , a contradiction. Thus G/Kj is nonabelian
for some index j.
By Theorem 2.1(i), there exists χ ∈ IrrG/Kj faithful such that χ1
divides dimEVj/Vj−1, which is less than or equal to k. Since G/Kj is
nonabelian, 1 < χ1 ∈ cdG/Kj ⊆ cdG. Set d = χ1.
When a group A acts on a set, any A-orbit of cardinality A is called
a regular orbit. Degrees of irreducible characters often correspond to orbit
sizes in certain group actions. The following well-known result describes
a situation in which the existence of a regular orbit is guaranteed and will
be used later to gain information about character degrees.
Lemma 2.3. Let A be an abelian group of automorphisms of an abelian
group G and suppose that A and G are relatively prime. Then A has a
regular orbit in its action on G.
The following useful result [6, Lemma 1.6] translates character-degree
information into structural information on the group.
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Lemma 2.4 (Noritzsch). Let G be a nonnilpotent group satisfying
cdG = 1	m. Then
(i) FG is abelian, and G/FG is cyclic of order m.
(ii) There exists N  G such that G/N is a Frobenius group whose
kernel is FG/N , an elementary abelian q-group for some prime q.
Let π be a set of prime numbers. For every positive integer n, we may
write n = ab for unique positive integers a and b, such that every prime
divisor of a lies in π, while no prime divisor of b lies in π. We call a the
π-part of n, and b the π ′-part of n.
The next lemma shows that in a certain situation, we can compute the set
of character degrees of a normal subgroup directly from the set of degrees
of the larger group containing it.
Lemma 2.5. Let A  H  G and suppose that A is abelian and that G 
H and H  A are relatively prime. Let π denote the set of all prime divisors
of G  H. Then cdH is the set of π ′-parts of the members of cdG.
In particular, cdH ≤ cdG.
Proof. Let ψ ∈ IrrG and let θ be an irreducible constituent of ψH . By
[3, Theorem 6.15], θ1 divides H  A, and since G  H and H  A are
relatively prime, θ1 is a π ′-number. By [3, Corollary 11.29], ψ1/θ1
divides G  H, and so ψ1/θ1 is a π-number. Hence θ1 is the π ′-part
of ψ1. Every θ ∈ IrrH arises in this way.
The following lemma tells us that when an abelian r-group (for some
prime r) acts faithfully and coprimely on a ﬁnite vector space, the number
of distinct orbit sizes larger than 1 is at least as large as the rank of the
group acting. This result is probably known.
Lemma 2.6. Let p and r be distinct primes. Let R be an abelian r-group
of rank k, and let V be a ﬁnite-dimensional, faithful R-module over the ﬁeld
GFp. Then for some integer m ≥ k, there exist vectors v0, v1,   , vm in V
such that, for Li = CRvi,
(i) R = L0 > L1 > L2 > · · · > Lm−1 > Lm = 1, and
(ii) Li−1/Li is cyclic for 1 ≤ i ≤ m.
Proof. (i) By Maschke’s theorem, we write V = V1
+ V2
+ · · · + Vn
where each Vi is an irreducible R-submodule. Write Ki = CRVi, and so⋂n
i=1Ki = 1. Choose a minimal subset  of K1	    	Kn with the prop-
erty that the intersection of all the members of  is trivial. After rela-
belling if necessary, we have  = K1	    	Km for some integer m ≤ n.
For i ∈ 1	    	m, write Li = K1 ∩ K2 ∩ · · · ∩ Ki and observe that R ⊇
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L1 ⊇ · · · ⊇ Lm−1 ⊇ Lm = 1. Write L0 = R. We show that all these inclu-
sions are proper. If not, then for some index i,
K1 ∩ · · · ∩Ki−1 = Li−1 = Li = K1 ∩ · · · ∩Ki−1 ∩Ki	
so the intersection of the members of  − Ki is trivial, a contradiction.
(ii) As an abelian group acting faithfully and irreducibly on a vector
space, R/Ki must be cyclic, by [2, Satz II.3.10]. Since Li−1/Li is isomorphic
to a subgroup of R/Ki, it is cyclic. Hence m ≥ k, since modding out by a
cyclic subgroup either decreases by 1 or leaves unchanged the rank of an
abelian r-group. For each i ∈ 1	    	m, write Wi = V1
+ V2
+ · · · + Vi.
The abelian group R/Li acts faithfully and coprimely on Wi. By Lemma 2.3,
there exists vi ∈ Wi for which CRvi = Li. Let v0 be the zero vector.
If N  G and θ ∈ IrrN, we shall use the notation IGθ to denote the
inertia subgroup of θ in G.
Corollary 2.7. For a group R, suppose that F = FR is an elementary
abelian p-group and that R/F is an abelian r-group of rank k. Then there
exist linear characters λ0, λ1,   , λm in IrrF such that
(i) m ≥ k.
(ii) R = IRλ0 > IRλ1 > · · · > IRλm−1 > IRλm = F .
(iii) R  IRλj ∈ cdR for 0 ≤ j ≤ m.
(iv) There are at least m distinct r-power degrees in cdR − 1.
(v) cdR ≥ m+ 1 ≥ k+ 1.
(vi) IRλj−1/IRλj is cyclic for 1 ≤ j ≤ m.
Proof. (i)–(ii) Apply Lemma 2.6(i) to the action of R/F on IrrF.
(iii) By [3, Theorem 6.28], the linear character λj has an exten-
sion µj ∈ IrrIRλj. By [?][Theorem 6.11]3, the induced character µRj of
degree R  IRλj is irreducible.
(iv)–(v) These follow from (i), (ii), and (iii) above.
(vi) Apply Lemma 2.6(ii).
Let N  G and ψ ∈ IrrG. If θ ∈ IrrN is a constituent of the restriction
ψN , we say that ψ lies over θ. In the same spirit, if a ∈ cdG and b ∈ cdN,
we say that a lies over b in case some member of IrrG of degree a lies over
some member of IrrN of degree b. When this occurs, [3, Corollary 11.29]
implies that a/b divides G  N.
In the situation of Corollary 2.7, if the rank of the abelian r-group R/F
is large, then cdR contains many distinct powers of r. In case R  G and
this rank is large compared with the number of members of cdG divisible
by r, then some member of cdG must lie over multiple distinct r-powers
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in cdR. By [3, Corollary 11.29], this tends to force the r-part of G  R
to be large. The next lemma makes this idea precise.
Lemma 2.8. Let R  G, let r be a prime, and let re be the full r-part of
G  R. Let h be the number of r-power degrees in cdR − 1. Let n be the
number of degrees in cdG lying over some r-power degree in cdR − 1.
Let m be the number of degrees in cdG lying over some r-power degree in
cdR − 1 and whose full r-part is at most re.
(i) h ≤ ne+ 1 −m.
(ii) Suppose that re ∈ cdG/R and that re lies over some r-power
degree in cdR − 1. Then h ≤ ne+ 1 −m− 1.
Proof. (i) Let  = a1	 a2	    	 an be the set of all degrees in cdG
lying over some r-power degree in cdR − 1. We may assume that  =
a1	    	 am is the set of members of  whose r-parts are at most re, and
so m ≤ n. For each i ∈ 1	    	 n, let i be the set of all r-power degrees
of the nonlinear irreducible constituents of restrictions to R of irreducible
characters of G of degree ai. Let bi denote the r-part of ai.
If d ∈ i for some index i ∈ 1	    	 n, then [3, Corollary 11.29] implies
that ai/d divides G  R. Since d is an r-power, the full r-part of ai/d is
precisely bi/d. Since re is the full r-part of G  R, we deduce that bi/d
divides re, and so d = bi/rj for some integer j ∈ 0	 1	    	 e. Thus for
1 ≤ i ≤ n, we have i ⊆  bi/rj  j = 0	 1	    	 e . If indeed i ≤ m, then
bi ≤ re, and so bi/re is not a nonlinear character degree. In this case we
have the even stronger statement i ⊆  bi/rj  j = 0	 1	    	 e− 1 .
The set of all r-power degrees in cdR − 1 is equal to
n⋃
i=1
i. Thus
h =
∣
∣
∣
∣
n⋃
i=1
i
∣
∣
∣
∣ ≤
m∑
i=1
i +
n∑
i=m+1
i ≤ me+ n−me+ 1 = ne+ 1 −m
(ii) Suppose re ∈ cdG/R and re ∈  . Then re ∈ , and we may
assume a1 = re. Assuming (ii) is false, the chain of inequalities above is
actually a chain of equalities, and so the sets i are pairwise disjoint and
as large as possible. Since they are as large as possible, there exist r-power
integers ci such that i = ci	 cir	 cir2	    	 cire for m + 1 ≤ i ≤ n, and
i = ci	 cir	 cir2	    	 cire−1 for 2 ≤ i ≤ m. Since a1 = re, we have 1 =
r	 r2	    	 re. These sets are pairwise disjoint, so ci ≥ re+1 for i ≥ 2
Since a1 = re ∈ 1, there exists χ ∈ IrrG of degree a1 such that
the restriction χR is irreducible of degree a1. Since we are assum-
ing a1 ∈ cdG/R, [3, Corollary 6.17] says that a12 ∈ cdG, and so
ai = a12 = r2e for some index i ≥ 2. But cire divides ai = r2e, and so ci
must divide re, contradicting the fact that ci ≥ re+1.
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The following weaker version of Lemma 2.8 will be convenient for use
in the proof of Theorem A. We shall make use of the full strength of
Lemma 2.8 in a subsequent paper.
Corollary 2.9. Let R  G, let r be a prime, and let re be the full r-part
of G  R and the full r-part of some degree in cdG, with e ≥ 1. Let h be
the number of r-power degrees in cdR − 1, and let n1 be the number of
degrees divisible by r in cdG. Then
(i) h ≤ n1e+ 1 − 1.
(ii) If re ∈ cdG/R, then h ≤ n1e+ 1 − 2.
Proof. Let n and m be deﬁned as in Lemma 2.8. Clearly n ≤ n1, and
Lemma 2.8(i) implies that h ≤ ne + 1. In case n < n1, we deduce that
h ≤ n1e+ 1 − e+ 1, and since e+ 1 ≥ 2, the conclusions of (i) and (ii)
follow. In the remaining case n = n1, we have m ≥ 1, and so (i) and (ii)
follow immediately from Lemma 2.8(i), (ii).
The next two results will be used to eliminate certain special cases that
arise in the proof of Theorem A.
Lemma 2.10. Let E = GF24 and A = AutE.
(i) Let E×A denote the semidirect product corresponding to the natural
action of the group A via automorphisms on the multiplicative group E× of
nonzero elements of the ﬁeld E. Then 2 ∈ cdE×A.
(ii) Let C be the subgroup of order 5 in the multiplicative group E×
of order 15, and let ECA denote the semidirect product corresponding to the
natural action of the group CA via automorphisms on the additive group E.
Then 10 ∈ cdECA.
Proof. There are subﬁelds K ⊆ F ⊆ E, where K = GF2 and F =
GF22. Let σ denote the automorphism of order 4 deﬁned by σx = x2
for all x ∈ E. The group A = σ acts on the additive abelian group E
of order 16 and on the cyclic multiplicative group E× of order 15. Write
B = σ2. Then CEA = K and CEB = F .
(i) Let N = E×A. Since the action ofA on the subgroup F× of order
3 in E× is nontrivial, we may choose λ ∈ IrrF× not A-invariant. Let I =
INλ. Since F× is central in E×B, we have E×B ⊆ I < E×A, and so N 
I = 2. Since F× = 3 does not divide 2 · 5 = I  F×, [3, Theorem 6.28]
implies that λ has an extension µ ∈ IrrI. By [3, Theorem 6.11], the
induced character µN of degree 2 is irreducible.
(ii) Since CEA = K has order 2, [3, Theorem 6.32] implies that
exactly two members of IrrE are A-invariant. Similarly, as CEB = F has
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order 4, exactly four members of IrrE are B-invariant. Choose λ ∈ IrrE
invariant in B but not in A. Write G = ECA and I = IGλ.
We show that the subgroup I/E of G/E has order 2. The group G/E
(which is isomorphic to CA) is Frobenius of order 20. Its Frobenius ker-
nel EC/E has order 5, and EA/E of order 4 is one of its Frobenius
complements. The group EC is also Frobenius, and since λ is a non-
principal character of its Frobenius kernel E, we have I ∩ EC = E, by
[3, Theorem 6.34]. Thus I/E and EC/E intersect trivially in G/E. But
since λ is B-invariant, I/E contains the subgroup EB/E of order 2. Hence
I/E ∈ 2	 4. If I/E has order 4, then it is a Frobenius complement in
the Frobenius group G/E. But EA/E is also a Frobenius complement in
G/E, and since both I/E and EA/E contain the nontrivial subgroup EB/E,
it follows that EA/E = I/E, since distinct Frobenius complements always
intersect trivially. Thus EA = I, and this contradicts the fact that λ is not
A-invariant. Hence I/E has order 2.
Now [3, Corollary 11.22] implies that λ has an extension ν ∈ IrrI. By
[3, Theorem 6.11], νG of degree G  I = 10 is irreducible.
Lemma 2.11. Let V be a vector space of dimension 4 over the ﬁeld GF2,
and let N be the normalizer in GL4	 2 of a Sylow 5-subgroup of GL4	 2.
Let V N denote the corresponding semidirect product. Then
(i) N = 22 · 3 · 5.
(ii) N is isomorphic to the group E×A, in the notation of Lemma 2.10.
(iii) V N is isomorphic to EE×A, in the notation of Lemma 2.10.
Proof. (i) It is standard to compute GL4	 2 = 26 · 32 · 5 · 7. We com-
pute GL4	 2  N, which is equal to the number of Sylow 5-subgroups
(each of order 5) in GL4	 2, and so it comes down to counting the ele-
ments of order 5 in GL4	 2. By [2, Satz II.6.14], GL4	 2 is isomorphic
to the alternating group Alt8. It is easy to count the elements of order 5
in Alt8, and by doing so, we deduce that GL4	 2  N = 24 · 3 · 7.
(ii) In the notation of Lemma 2.10, the group E×A of order 22 · 3 · 5
has a normal subgroup of order 5 and acts faithfully on the elementary
abelian group E of order 24. Therefore E×A is isomorphic to a subgroup
of N . But (i) tells us that E×A = N.
(iii) This follows easily from statement (ii).
The next lemma is easy to prove and must be well known.
Lemma 2.12. Let Q be a cyclic Sylow q-subgroup of some group G. Then
either G has a normal q-complement or Q ∩ ZG = 1.
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3. GROUPS WITH FITTING HEIGHT 3 AND
THREE DEGREES
In the next section we shall see that if G is a minimal counterexample
to Theorem A, then X = G/FG satisﬁes hX = cdX = 3. Detailed
information on the group structure and its relationship with the character
degrees of such a group X will be needed not only for proving Theorem A,
but also for proving another result in a future paper. Thus, in an effort
to avoid needless repetition later, we separate these arguments from the
rest of the proof of Theorem A. For convenience, any solvable group X
satisfying hX = 3 and cdX = 3 will be called an -group.
Since cdX = 3, we write cdX = 1	 d2	 d3 with 1 < d2 < d3. For
i ∈ 2	 3, let πi be the set of all prime divisors of di. Let π = π2 ∩ π3,
and write di = mini, where ni is a π-number and mi is a π ′-number, for
i ∈ 2	 3. We write Fi to denote the ith term FiX in the Fitting series
of X. Since hX = 3, we have 1 = F0 < F1 < F2 < F3 = X.
Lemma 3.1. Let X be an -group and assume the above notation.
(i) cdX/F1 = 1	 d2.
(ii) X/F1 is nonnilpotent.
(iii) F2/F1 is abelian.
(iv) There exists N/F1  X/F1 such that X/N is a Frobenius group,
whose kernel is F2/N , an elementary abelian q-group for some prime q.
(v) X/F2 is cyclic of order d2.
(vi) q  d2 and q ∈ π.
Proof. (i) Note cdX/F1 ⊆ cdX = 1	 d2	 d3. Theorem 1.1
implies d3 ∈ cdX/F1, and so cdX/F1 ⊆ 1	 d2. Since X/F1 is non-
abelian, we deduce that cdX/F1 = 1	 d2.
(ii) By hypothesis hX = 3, and so hX/F1 = 2.
(iii)–(v) Note that FX/F1 = F2/F1. Apply Lemma 2.4 to X/F1.
(vi) Because F2/N is the kernel of the Frobenius group X/N ,
we know that X  F2 divides F2  N − 1. Since F2  N is a power of q
and X  F2 = d2, we have q  d2. Every prime in π divides both d2 and d3.
Because q  d2, we have q ∈ π.
Lemma 3.2. Let X be an -group, and assume the above notation.
(i) X has a normal π-complement H.
(ii) X/H is nilpotent.
(iii) cdH = 1	m2	m3.
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(iv) m2 and m3 are relatively prime.
(v) H/F2 ∩H is cyclic of order m2.
Proof. (i)–(ii) Every prime s ∈ π divides every member of cdX −
1. By [3, Corollary 12.2], X has a normal s-complement S. Let H be the
intersection of all such normal complements S for the various primes.
(iii) H is a normal Hall π ′-subgroup of X. Apply Lemma 2.5.
(iv) Any prime dividing both m2 and m3 divides both d2 and d3, and
hence lies in π = π2 ∩ π3. But mi is the π ′-part of di, for i ∈ 2	 3.
(v) By part (i), F2H/F2 is a normal π-complement in X/F2. Since
F2H/F2 ∼= H/F2 ∩H, the result follows from Lemma 3.1(v).
Lemma 3.3. Let X be an -group and assume the above notation. Each
irreducible character of X of degree d2 restricts to the subgroup F2 as a sum
of linear characters.
Proof. Let ψ ∈ IrrX such that ψ1 = d2, and let θ be any irreducible
constituent of ψF2 . We must show that θ1 = 1. Suppose that θ1 > 1.
Lemma 3.1(vi) says that q  d2. Since θ1 divides ψ1 = d2, we have
q  θ1. By Lemma 3.1(iv) and [3, Theorem 12.4], we deduce that X 
F2 · θ1 ∈ cdX = 1	 d2	 d3. Lemma 3.1(v) and the fact that θ1 > 1
together imply that d3 = d2 · θ1. Since θ1 divides d2, the degrees d2 and
d3 have precisely the same prime divisors, or equivalently, π2 = π3 = π.
Hence m2 = 1 = m3, and by Lemma 3.2(iii), H is abelian. Now from
Lemma 3.2(ii) we conclude that hX = 2, a contradiction.
Lemma 3.4. Let X be an -group and assume the above notation.
(i) cdF2 ∩H = 1	m3.
(ii) F2 ∩H is nonnilpotent.
(iii) F1 ∩H is abelian.
(iv) There exists M  F2 ∩ H such that F2 ∩ H/M is a Frobenius
group, whose kernel is F1 ∩H/M , an elementary abelian r-group.
(v) F2 ∩H/F1 ∩H is cyclic of order m3, and q
∣
∣m3.
(vi) r m3 and r ∈ π.
Proof. (i) We determine cdF2 ∩H by computing the degrees of the
irreducible constituents of restrictions to F2 ∩ H of all the members of
IrrH. Lemma 3.2(iii) says that cdH = 1	m2	m3. Choose θ ∈ IrrH.
If θ1 = m3, then in view of Lemma 3.2(iv) and Lemma 3.2(v), θ restricts
irreducibly to F2 ∩ H. Therefore m3 ∈ cdF2 ∩ H. We may assume that
m2 > 1, for otherwise we are done proving (i).
Suppose that θ1 = m2 and choose ψ ∈ IrrX lying over θ. We know
that m2 = θ1 divides ψ1 ∈ IrrX = 1	 d2	 d3. If ψ1 = d3, then
298 jeffrey m. riedl
m2 > 1 is a divisor of both d2 and d3, and so m2 is a π-number, contradict-
ing how m2 was deﬁned. Thus ψ1 = d2, and so by Lemma 3.3, ψF2 is a
sum of linear characters. But θF2∩H is a constituent of ψF2∩H , and so θF2∩H
must be a sum of linear characters. This proves (i).
For the remaining parts, we show that q divides F2 ∩ H  F1 ∩ H.
Lemma 3.1(iv) says that F1 ⊆ N ⊆ F2, and so F2 ∩H  F1 ∩H is divisible
by F2 ∩H  N ∩H. It now sufﬁces to show that q divides F2 ∩H  N ∩H.
By Lemma 3.2(i), H is a normal π-complement in X, and so F2 ∩ H is
a normal π-complement in F2. Thus F2  F2 ∩ H is a π-number. On
the other hand, Lemma 3.1(iv) says F2  N > 1 is a power of q, and
Lemma 3.1(vi) says q ∈ π. Hence NF2 ∩H = F2, and so, since N ⊆ F2,
we deduce that F2 ∩H  N ∩H = F2  N. Since q divides F2  N, indeed
q divides F2 ∩H  F1 ∩H.
(ii) As F2 ∩H  X, we have FF2 ∩H = F1 ∩H. The last para-
graph implies that F1 ∩H < F2 ∩H, and so F2 ∩H is nonnilpotent.
(iii)–(v) In view of (i) and (ii), apply Lemma 2.4 to F2 ∩H. The fact
that q
∣
∣m3 now follows because q divides F2 ∩H  F1 ∩H.
(vi) By (iv) we see that F2 ∩H  F1 ∩H divides F1 ∩H M − 1.
Because F2 ∩ H  F1 ∩ H = m3 and F1 ∩ H  M is an r-power, r m3.
Finally, r divides the order of the π-complement H, and so r ∈ π.
Lemma 3.5. Let X be an -group and assume the above notation. Let R
be the Sylow r-subgroup and let U be the normal r-complement in the abelian
group F1 ∩H. Let E/U be the Frattini subgroup of the r-group F1 ∩H/U ,
and let C = CXF1 ∩H/E. Then
(i) The abelian r-group R is noncyclic.
(ii) F1 ⊆ C.
(iii) cdX/C = 1	 d2.
Proof. We show that q does not divide X  F2 ∩H. By Lemma 3.2(i),
X  H is a π-number, while Lemma 3.1(vi) asserts that q ∈ π.
Lemma 3.2(v) says that H  F2 ∩ H = m2. Lemma 3.1(vi) implies
that q  d2, and since m2
∣
∣d2, we deduce that q m2.
Write X = X/F1 ∩H, and write S to denote the image of each sub-
group S ⊆ X under the canonical homomorphism X → X. Lemma 3.4(iii)
says that F1 ∩H is abelian, and so F1 ∩H ⊆ C, which gives us F1 ∩H ⊆ C ∩
F2 ∩H. By Lemma 3.4(iv), the action of F2 ∩H/F1 ∩H on the factor
group F1 ∩H/M of F1 ∩H/E is Frobenius, and so C ∩ F2 ∩H = 1.
We show that X/C is nonabelian. Suppose that X/C is abelian. Then
X/C is abelian and X
′ ⊆ C. Because C ∩ F2 ∩H = 1, we have X
′ ∩
F2 ∩H = 1. Since q does not divide X  F2 ∩ H, the full q-part of
the order of X actually divides the order of F2 ∩H. Hence q does not
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divide the order of X
′
. By Lemma 3.1(v), X/F2 is abelian, and so X
′ ⊆ F2.
In fact, since q does not divide the order of X
′
, we have X
′ ⊆ Oq′ F2.
Lemma 3.1(iii) says N  F2 and that F2  N is a power of q. Therefore
X
′ ⊆ Oq′ F2 ⊆ N ⊆ X
It follows that X/N is abelian, and since the kernel F1 ∩ H of the bar
homomorphism is contained in N , we deduce that X/N is abelian, thereby
contradicting Lemma 3.1(iii). Thus X/C is nonabelian, as claimed.
(i) The nonabelian group X/C acts faithfully on F1 ∩H/E, and
so F1 ∩H/E is noncyclic. Hence R ∼= F1 ∩H/U is noncyclic.
(ii) By Lemma 3.2(i), F1 ∩ H is a normal π-complement in F1.
Lemma 3.4(vi) says that r ∈ π, and so r does not divide F1  F1 ∩H. Thus
R is a Sylow r-subgroup of F1. Since R is abelian and F1 is nilpotent, F1
centralizes R, and hence also its homomorphic image F1 ∩H/E.
(iii) Since F1 ⊆ C, Lemma 3.1(i) gives cdX/C ⊆ cdX/F1 =
1	 d2. Since X/C is nonabelian, we conclude that cdX/C = 1	 d2.
Lemma 3.6. Let X be an -group and assume the above notation. Let k
be the rank of the abelian r-group R. If either r m2 or H = X, then d2 ≤ k.
Proof. By Lemma 3.5(iii), X/C is nonabelian. We show ﬁrst that if
either r m2 or H = X, then r does not divide the order of X/C′.
Suppose that r m2. Lemma 3.5(ii) gives F1 ∩ H ⊆ C ⊆ X, and so it
sufﬁces to show that r does not divide X  F1 ∩H. By Lemma 3.2(i), X 
H is a π-number, and Lemma 3.4(vi) says that r ∈ π. By Lemma 3.2(v), our
assumption r m2 guarantees that r does not divide H  F2 ∩H. Finally,
by Lemma 3.4(v) and Lemma 3.4(vi), r does not divide F2 ∩H  F1 ∩H.
Hence r does not divide the order of X/C′.
Now suppose that H = X. Lemma 3.1(v) says that X/C′ ⊆ CF2/C, and
it sufﬁces to show that r does not divide CF2  C, which equals F2  F2 ∩
C. By Lemma 3.5(ii), it follows that F1 ⊆ F2 ∩C ⊆ F2, and so F2  F2 ∩C
divides F2  F1. It now sufﬁces to show that r does not divide F2  F1. As
H = X, Lemma 3.4(v) says that F2  F1 = m3, and Lemma 3.4(v) gives
r m3. Thus X/C′ is an r ′-group in this case.
By its deﬁnition in Lemma 3.5, F1 ∩H/U is isomorphic to the abelian
r-group R of rank k. The Frattini factor group F1 ∩H/E of F1 ∩H/U
may be viewed as a vector space V of dimension k over the ﬁeld GFr and
is a faithful X/C-module. Lemma 3.5(iii) asserts that cdX/C = 1	 d2.
Now Corollary 2.2 implies that d2 ≤ k.
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4. THE PROOF
Let m and n be positive integers. Let  denote a group-theoretic con-
dition (or set of conditions) that is always inherited by factor groups. We
deﬁne the statement Sm	n as
Sm	n: Every solvable group G that satisﬁes the conditions  and
cdG ≤ m must also satisfy hG ≤ n.
If we assign a particular condition  and particular values m and n, then
the statement Sm	n is either true or false. For proving Theorem A and
Corollary B, in which the condition  is vacuous, we simply write Sm	n. The
excess generality here will be used in a subsequent paper. Corollary 1.2 says
that Sm	m holds for every integer m ≥ 1.
Lemma 4.1. If the statement Sm	n is true, then so is Sm+1	 n+1.
Proof. Let G be any solvable group satisfying the conditions  and
cdG ≤ m + 1. Write h = hG. We must show h ≤ n + 1, and so we
may assume h > 1, which says G is nonnilpotent. Write F = FG. We
know cdG/F ⊆ cdG, but by Theorem 1.1 this inclusion is proper. Hence
cdG/FG ≤ m. Since G/FG has Fitting height h− 1 and inherits the
condition , the truth of Sm	n gives us h− 1 ≤ n.
Corollary B says that Sm	m−1 is true for every integer m ≥ 4. Its proof
is a straightforward inductive argument using Lemma 4.1, and whose base
case m = 4 is Theorem A.
Lemma 4.2. Suppose Sm−1	 n is true, while Sm	n is false. Let G
be a counterexample of minimal order to Sm	n. Then cdG = m and
hG = n+ 1, and FG is the only minimal normal subgroup of G.
Proof. The group G satisﬁes cdG ≤ m and hG ≥ n + 1 and .
Since Sm−1	 n is true, cdG = m. By Lemma 4.1, Sm	n+1 is true,
and so hG = n+ 1.
Let M be any minimal normal subgroup of G. Since cdG/M ⊆ cdG,
we have cdG/M ≤ cdG = m. Of course G/M inherits . But G/M
is not a counterexample to Sm	n, and so hG/M ≤ n.
Suppose M1 and M2 are distinct minimal normal subgroups. The homo-
morphism G → G/M1 × G/M2, where each component is the natural
projection, is injective, and so G is a subgroup of G/M1 × G/M2. Since
hG/Mi ≤ n, we have hG/M1 ×G/M2 ≤ n, and this forces hG ≤ n,
a contradiction. Hence G has a unique minimal normal subgroup M .
We show that the Frattini subgroup 7G is trivial. If not, then M ⊆
7G ⊆ FG. Deﬁne N by FG/M = N/M . Clearly FG ⊆ N . But
N/7G is nilpotent and normal in G/7G, and so
N/7G ⊆ FG/7G = FG/7G	
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which implies that N = FG. Since G and G/M both have G/FG as
their Fitting factor groups, their Fitting heights are equal. But recall that
hG = n+ 1 while hG/M ≤ n, a contradiction.
Since 7G = 1, [2, Satz III.4.5] asserts that FG is a direct product of
minimal normal subgroups of G. Therefore FG =M .
Proof of Theorem A. As we have seen, the statement S3	 3 is true by
Corollary 1.2. We assume that Theorem A is false, which is equivalent to
assuming that S4	 3 is false. Let G be a counterexample of minimal order
to S4	 3. Lemma 4.2 implies that cdG = 4 and hG = 4, and also that
FG is the only minimal normal subgroup of G.
We write Fi to denote the ith term FiG in the Fitting series of G. Since
hG = 4, we have 1 = F0 < F1 < F2 < F3 < F4 = G. Since cdG = 4,
we write cdG = 1	 d2	 d3	 d4 with 1 < d2 < d3 < d4.
Theorem 1.1 implies that d4 ∈ cdG/F1. Since cdG/F1 ⊆ cdG,
we deduce that cdG/F1 ⊆ 1	 d2	 d3. By Corollary 1.2, we have
3 = hG/F1 ≤ cdG/F1, and it follows that cdG/F1 = 1	 d2	 d3.
Thus G/F1 is an -group, in the terminology of Section 3. We apply
Lemma 3.1 through Lemma 3.6 to the group X = G/F1. We reformulate
the conclusions of these six lemmas as Step 1 through Step 6 in this proof.
Note that the subgroup Fi of X, in the notation of Section 3, corresponds
to the subgroup Fi+1 of G, for all indices i. For i ∈ 2	 3, let πi be the set
of all prime divisors of di. Let π = π2 ∩ π3 and write di = mini, where ni
is a π-number and mi is a π ′-number, for i ∈ 2	 3.
Step 1. (i) cdG/F2 = 1	 d2.
(ii) G/F2 is nonnilpotent.
(iii) F3/F2 is abelian.
(iv) There exists N/F2  G/F2 such that G/N is a Frobenius group,
whose kernel is F3/N , an elementary abelian q-group for some prime q.
(v) G/F3 is cyclic of order d2.
(vi) q  d2 and q ∈ π.
Step 2. (i) G/F1 has a normal π-complement H/F1.
(ii) G/H is nilpotent.
(iii) cdH/F1 = 1	m2	m3.
(iv) m2 and m3 are relatively prime.
(v) H/F3 ∩H is cyclic of order m2.
Step 3. Each irreducible character of G/F1 of degree d2 restricts to the
subgroup F3/F1 as a sum of linear characters.
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Step 4. (i) cdF3 ∩H/F1 = 1	m3.
(ii) F3 ∩H/F1 is nonnilpotent.
(iii) F2 ∩H/F1 is abelian.
(iv) There exists M/F1  F3 ∩ H/F1 such that F3 ∩ H/M is
Frobenius, with kernel F2 ∩H/M , an elementary abelian r-group.
(v) F3 ∩H/F2 ∩H is cyclic of order m3, and q
∣
∣m3.
(vi) r m3 and r ∈ π.
Step 5. Let R/F1 denote the Sylow r-subgroup of the abelian group F2 ∩
H/F1, and let U/F1 be the normal r-complement in F2 ∩H/F1. Deﬁne the
subgroup E by letting E/U be the Frattini subgroup of the r-group F2 ∩H/U ,
and let C = CGF2 ∩H/E. Then
(i) The abelian r-group R/F1 is noncyclic.
(ii) F2 ⊆ C.
(iii) cdG/C = 1	 d2.
Step 6. Let k be the rank of the r-group R/F1. If H = G, then d2 ≤ k.
Step 7. (i) F1 is an elementary abelian p-group for some prime p.
(ii) p does not divide F2  F1.
(iii) G/F1 acts faithfully and irreducibly on both F1 and IrrF1.
Proof. (i) We have seen that F1 is a minimal normal subgroup of the
solvable group G. (ii) The Fitting subgroup F1 is a p-group. (iii) As G is
solvable, (i) gives F1 = CGF1. Thus G/F1 acts faithfully and irreducibly
on F1, and hence also on the group IrrF1.
Step 8. There exist linear characters λ0, λ1	    	 λm in IrrF1 such that
(i) m ≥ k.
(ii) R = IRλ0 > IRλ1 > · · · > IRλm−1 > IRλm = F1.
(iii) R  IRλj ∈ cdR for 0 ≤ j ≤ m.
(iv) There are at least m distinct r-power degrees in cdR − 1.
(v) cdR ≥ m+ 1 ≥ k+ 1 ≥ 3.
Proof. Use Corollary 2.7. By Step 5(i) and Step 6, k+ 1 ≥ 3.
The prime r, which was introduced in Step 4(iv), will soon become
the focus of our attention. We now determine which of the members of
cdG = 1	 d2	 d3	 d4 are divisible by r.
Step 9. (i) r  d3.
(ii) r
∣
∣m2 and r
∣
∣d2. Write d2 = rec2 where r  c2. Then e ≥ 1.
(iii) r
∣
∣d4.
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Proof. (i) We have deﬁned n3 to be the π-part and m3 to be the π ′-
part of d3. Step 4(vi) says that r m3 and r ∈ π.
(ii) Recall that d2 = m2n2, where n2 is the π-part and m2 is the
π ′-part of d2. Step 4(vi) says that r ∈ π, and so r
∣
∣m2 if and only if r
∣
∣d2. We
suppose instead that r m2 and r  d2.
We show that r does not divide G  R. By Step 2(i), G  H is a
π-number, while r ∈ π. Step 2(v) says H  F3 ∩ H = m2, and we are
assuming r m2. Step 4(v) says F3 ∩H  F2 ∩H = m3, and Step 4(vi) says
r m3. Finally, r does not divide F2 ∩H  R because in Step 5 we deﬁned
R/F1 as the Sylow r-subgroup of F2 ∩H/F1.
Since R/F1 is an r-group and F1 is abelian, Lemma 2.5 implies that cdR
is the set of r-parts of the members of cdG = 1	 d2	 d3	 d4. Let rf be
the full r-part of d4. Since r divides neither d2 nor d3, we deduce that
cdR = 1	 rf, contradicting Step 8(v). Thus r
∣
∣m2 and r
∣
∣d2.
(iii) Choose ψ ∈ IrrG with ψ1 = d4. By [3, Theorem 6.15], cdR
consists of powers of r, and so it sufﬁces to show that ψR has a nonlinear
irreducible constituent. If ψR is a sum of linear characters, then F1 ⊆ R′ ⊆
kerψ, contradicting d4 ∈ cdG/F1.
Step 10. (i) H = G.
(ii) d2 = m2 and d3 = m3 are relatively prime.
Proof. We show hH = 4 by examining the Fitting series of H. Clearly
FH = F1. The Fitting subgroup of H/F1 is F2 ∩H/F1, which is non-
trivial because it contains R/F1, which is noncyclic by Step 5(i). The Fit-
ting subgroup of H/F2 ∩H is F3 ∩H/F2 ∩H, which by Step 4(v) is
also nontrivial. By Step 2(v), H/F3 ∩H is cyclic of order m2, and so by
Step 9(ii) we have F3 ∩H < H. Hence hH = 4.
Consider the normal series F1 ⊆ H ⊆ G. Step 2(i) says that G  H
and H  F1 are relatively prime. Of course F1 is abelian. By Lemma 2.5,
cdH ≤ cdG = 4. By Corollary 1.2, we have 4 = hH ≤ cdH, and
so cdH = 4. Thus H is a counterexample to S4	 3. The minimality of G
implies that H = G. Hence π = π2 ∩ π3 is empty, and so d2 = m2 and
d3 = m3. By Step 2(iii), d2 and d3 are relatively prime.
Step 11. (i) F2/F1 is abelian.
(ii) F3/F2 is cyclic of order d3.
(iii) The full r-part of G  R equals the full r-part of d2, namely re.
(iv) F3/N has order q.
(v) G/F2 acts faithfully on F2/E, elementary abelian of order rk.
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Proof. (i)–(ii) These follow from Step 10(i), Step 4(iii), and Step 4(v).
(iii) By its deﬁnition in Step 5, R/F1 is a Sylow r-subgroup of
F2/F1. Step 9(i) says that r does not divide d3 = F3  F2, and so the r-part
of G  R equals the r-part of G  F3. Step 1(v) says that G  F3 = d2. In
Step 9(iii) we deﬁned re to be the r-part of d2.
(iv) By Step 1(iv), the kernel F3/N of the Frobenius group G/N
is an elementary abelian q-group. Since F2 ⊆ N ⊆ F3 and F3/F2 is cyclic,
F3/N has order q. In fact q
∣
∣d3.
(v) By Step 4(iv), F3/F2 acts faithfully on the factor group F2/M
of F2/E, and so the action of F3/F2 by conjugation on F2/E is faithful. In
fact G/F2 acts faithfully on F2/E, since G/F2 is solvable and its Fitting sub-
group F3/F2 acts faithfully. Being isomorphic to R/F1, the abelian r-group
F2/U has rank k, and so its Frattini factor group F2/E is elementary abelian
of order rk.
Step 12. k = r = d2 = 2 and q = d3 = 3. The group G/F2 has order 6.
Proof. By Step 11(iii), the r-part of G  R equals the r-part of d2,
namely re. By Step 9, d2 and d4 are the only degrees divisible by r in
cdG = 1	 d2	 d3	 d4, and e ≥ 1. Let h be the number of r-power degrees
in cdR − 1. Corollary 2.9(i) implies h ≤ 2e+ 1.
In Step 6 we deﬁned k to be the rank of R/F1. Step 8(i) and (iv) give
k ≤ h. Step 10 and Step 6 imply that d2 ≤ k. We chain together these last
three inequalities and use the notation of Step 9(iii) to obtain rec2 = d2 ≤
k ≤ h ≤ 2e + 1, and in particular re ≤ 2e + 1. Since e ≥ 1, there are no
solutions for r > 3. Suppose r = 3. Then e = 1, and so 3 = r = d2 = k = h.
In view of Step 1(i) and R ⊆ F2 ⊆ G, we have re = d2 ∈ cdG/F2 ⊆
cdG/R. Now Corollary 2.9(ii) implies that 3 = h ≤ 2e+ 1 − 2 = 2e = 2,
a contradiction. Thus r = 2, and from re ≤ 2e+ 1 we deduce e ∈ 1	 2.
We suppose that e = 2 and work for a contradiction. The chain of
inequalities above now becomes 22c2 = d2 ≤ k ≤ h ≤ 5, forcing 4 = d2 ≤
k ≤ h. Again re = d2 ∈ cdG/R, and so Corollary 2.9(ii) implies that
h ≤ 4. It follows that 4 = d2 = k = h.
Step 11(iv) says F3/F2 has order d3. By Step 4(iv), its action on F2/M ,
whose order divides 2k = 24, is Frobenius. Thus d3 divides F2  M − 1.
Since d3 > 1, we have F2  M ∈ 22	 23	 24. By Step 1(iv) and (v), the
action of G/F3 of order d2 = 4 on the factor group F3/N of F3/F2 is
also Frobenius, and so d2 divides F3  N − 1 = q − 1. If F2  M = 22,
then d3 = 3 = F3  N, and so d2 = 4 would divide F3  N − 1 = 2, a
contradiction. If F2  M = 23, then d3 = 7 = F3  N, and so d2 = 4
would divide F3  N − 1 = 6, a contradiction. Hence F2  M = 24, and
so d3 divides 24 − 1 = 15. Since d2 = 4 divides F3  N − 1 and F3  N
divides d3, which in turn divides 15, it follows that F3  N = 5 = q and
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d3 ∈ 5	 15. Because G/F2 has a normal Sylow 5-subgroup, Step 11(v) says
G/F2 is isomorphic to a subgroup of the normalizer in GL4	 2 of a Sylow
5-subgroup of GL4	 2. We now eliminate separately the two cases d3 = 5
and d3 = 15, thereby contradicting the assumption that e = 2.
In case d3 = 15, then G  F2 = d2d3 = 22 · 3 · 5, and by Lemma 2.11(i)
and (ii), G/F2 is isomorphic to the group E×A, in the notation of
Lemma 2.10. But Lemma 2.10(i) then says that 2 ∈ cdG/F2. Since
cdG/F2 = 1	 d2, this contradicts d2 = 4.
In case d3 = 5, then G  F2 = d2d3 = 22 · 5. Thus G/E is isomorphic
to a subgroup of index 3 in the group V N , where V is a vector space
of dimension 4 over the ﬁeld GF2, and N is a Sylow 5-normalizer in
GL4	 2. By Lemma 2.11(iii), G/E is isomorphic to the group ECA, in
the notation of Lemma 2.10(ii), and so 10 ∈ cdG/E. Since F1 ⊆ E ⊆ G,
we have 10 ∈ cdG/E ⊆ cdG/F1 = 1	 d2	 d3. But d2 = 4 and d3 = 5,
and so this is a contradiction. We have now proved that e = 2.
It follows that e = 1, and the chain of inequalities becomes 2c2 = d2 ≤
k ≤ h ≤ 3, forcing 2 = r = d2 ∈ cdG/R. Corollary 2.9(ii) implies h ≤ 2.
Hence k = h = 2, and in particular F2 M = 22. As d3 divides F2 M −
1, we deduce that d3 = 3 = q. Since G  F3 = d2 = 2 and F3  F2 = d3 =
3, the nonabelian group G/F2 has order 6.
Step 13. Each nonprincipal character ν ∈ IrrF1 extends to its inertia
subgroup IGν, which is a proper subgroup of G.
Proof. By Step 7, F1 is a noncyclic elementary abelian p-group.
Let I = IGν. Since ν is nonprincipal, kerν < F1. As F1 is noncyclic,
1 < kerν. If ν is G-invariant, then kerν  G, contradicting the minimal-
ity of F1. Hence I < G.
To show that ν extends to I, it sufﬁces by [3, Corollary 11.31] to show
that ν extends to the inverse image in I of each Sylow subgroup of I/F1,
for all primes. For an arbitrary prime s, let S/F1 be a Sylow s-subgroup of
I/F1. The determinantal order oν is a power of p, and indeed ν1 = 1.
If s = p, then ν extends to S, by [3, Theorem 6.28]. If s = p, then s does
not divide F2  F1. By Step 12, G/F2 has order 6, and so S/F1 is cyclic.
Hence ν extends to S, by [3, Corollary 11.22].
Step 14. There exists a character ρ ∈ IrrF1 such that
(i) IF2ρ = F1.
(ii) G  IGρ = d4.
(iii) IGρ  F1 ≤ 3.
Proof. (i) By Step 7, Step 11(i), and Lemma 2.3, F2/F1 has a regular
orbit in its action on the group IrrF1. In other words, there exists ρ ∈
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IrrF1 such that IF2ρ = F1. We write I = IGρ. Then F2 ∩ I = F1, and
so I/F1 is isomorphic to a subgroup of G/F2.
(ii) By Step 13, there exists an extension µ ∈ IrrI of ρ. By [3,
Theorem 6.11], the induced character µG is irreducible of degree G  I.
Thus G  I ∈ cdG = 1	 d2	 d3	 d4. By Step 5(i) and Step 12, R/F1 is a
noncyclic 2-group, and so 4 divides its order. Since R  F1 divides G  I,
indeed 4 divides G  I. Step 12 says that d2 = 2 and d3 = 3.
(iii) It sufﬁces to show that I/F1 is abelian, since I/F1 is isomorphic to
a subgroup of the nonabelian group G/F2 of order 6. Assuming that I/F1 is
nonabelian, there exists ϕ ∈ IrrI/F1 with ϕ1 > 1. By [3, Corollary 6.17],
the character µϕ ∈ IrrI lies over ρ. Theorem 6.11 in [3] implies that
µϕG is irreducible of degree G  I · ϕ1, a contradiction, since G 
I = d4 is the largest member of cdG, while ϕ1 > 1.
Step 15. G  F1 = 2 · d4 and 12
∣
∣d4.
Proof. In Step 8, we deﬁned λ1 ∈ IrrF1 with F1 < R ∩ IGλ1 < R.
We ﬁrst show that G  IGλ1 = d4. By Step 13, there exists an extension
µ ∈ IrrIGλ1 of λ1. By [3, Theorem 6.11], χ = µG is irreducible of degree
G  IGλ1, and so we need to show χ1 = d4. Choose θ ∈ IrrR lying
over λ1, and such that χ lies over θ. By [3, Theorem 6.15], θ1 is a power
of 2. Since λ1 is not R-invariant, θ1 > 1, and so 2 divides both θ1 and
χ1. As cdG = 1	 2	 3	 d4, we have χ1 ∈ 2	 d4.
Suppose that χ1 = 2. Then χR = θ, and because 2 ∈ cdG/F2 ⊆
cdG/R, [3, Corollary 6.17] implies that 4 = 2 · χ1 ∈ cdG, forcing
d4 = 4. By Step 14(i), we have IRρ = F1. By [3, Theorem 6.11], ρR is
irreducible of degree R  F1, which is divisible by 4, since the 2-group
R/F1 is noncyclic. Because cdG = 1	 2	 3	 4, indeed ρR1 = 4, and
ρR extends to G. Since 2 ∈ cdG/R, [3, Corollary 6.17] implies that 8 =
2 · ρR1 ∈ cdG, a contradiction. Hence d4 = χ1 = G  IGλ1.
By Step 14(ii), we deduce that IGλ1  F1 = IGρ  F1. Since F1 <
R ∩ IGλ1 while R/F1 is a 2-group, indeed 2 divides IGλ1  F1. By
Step 14(iii), we obtain 2 = IGλ1  F1 = IGρ  F1, and so G  F1 =
2 · d4. Recall that G  F2 = 6, while F2/F1 contains the noncyclic 2-group
R/F1, and so 24 divides G  F1 = 2 · d4.
Step 16. (i) For each ν ∈ IrrF1 nonprincipal, IGν/F1 has order 2.
(ii) The prime p does not divide the index G  F1.
Proof. (i) Let I = IGν. We ﬁrst show that I/F1 is abelian. Assuming
the contrary, there exists η ∈ IrrI/F1 such that η1 > 1. By Step 13,
there exists an extension µ ∈ IrrI of ν. Of course µη ∈ IrrI lies over ν,
by [3, Corollary 6.17]. By [3, Theorem 6.11], µG and µηG are irreducible,
of degrees G  I and G  I · η1, respectively. Both of these degrees are
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members of cdG = 1	 2	 3	 d4. Step 13 says that G  I > 1, and since
η1 > 1, indeed G  I ·η1 = d4. Since η ∈ IrrI/F1 while I/F1 ⊆ G/F1
and cdG/F1 = 1	 2	 3, clearly η1 ≤ 3. On the other hand, G  I ∈
2	 3. Thus d4 = G  I · η1 ≤ 9, contradicting Step 15.
We show that G  I = d4. Theorem 6.11 in [3] yields G  I ∈ cdG =
1	 2	 3	 d4. Since I/F1 is an abelian subgroup of G/F1, [3, Problem 2.9]
says that the largest member of cdG/F1, namely 3, is at most G  I.
Thus G  I ∈ 3	 d4. If G  I = 3, then the Sylow 2-subgroup of G/F1 is
contained in I/F1 and is therefore abelian. But the group G/F2 of order 6
acts faithfully on the 2-group F2/E, while E ⊇ F1.
(ii) The index F2  F1 is divisible by 2 but not by p, and so p = 2. It
remains to show that p  d4. The set of nonprincipal irreducible characters
of F1 is a union of G-orbits, each of size d4. Hence d4 divides IrrF1 − 1 =
F1 − 1, while F1 is a power of p.
Step 17. The contradiction.
Proof. By Step 7, the GFpG/F1-module V = IrrF1 is faithful and
irreducible. In view of Step 16(ii), Theorem 2.1 implies the existence of
χ ∈ IrrG/F1 faithful such that if S/F1 is any subgroup of G/F1 for which
the restriction χS has a principal constituent, then CV S/F1 is nontrivial.
By Step 3, every member of IrrG/F1 of degree d2 = 2 restricts to the
nonabelian subgroup F3/F1 as a sum of linear characters, and so is not
faithful. As cdG/F1 = 1	 2	 3, we deduce that χ1 = 3.
Let Q/F1 be a Sylow 3-subgroup of G/F1. For each ν ∈ IrrF1 non-
principal, Step 16(i) implies that Q ∩ IGν = F1, and so the action of
Q/F1 on IrrF1 is Frobenius. Thus Q/F1 is cyclic. Let S/F1 ⊆ Q/F1 with
S/F1 = 3, and ﬁx an element g ∈ S − F1. Let D/F1 = CG/F1gF1, and
let 	 be the conjugacy class of elements of G/F1 that contains gF1. Since
F1 ⊆ Q ⊆ D ⊆ G, we see that 	 = G  D is relatively prime to χ1 = 3.
By [3, Theorem 3.8], either g ∈ Zχ or χg = 0.
Since χ ∈ IrrG/F1 is faithful, [3, Theorem 2.27 (f)] implies that Zχ =
ZG/F1. Let Z/F1 = ZG/F1. By Step 12, G/F2 is nonabelian of order
6, and thus has no normal 3-complement. Hence G/F1 has no normal
3-complement. By Lemma 2.12, Q ∩ Z = F1, and so χg = 0.
The restriction χS , viewed as a character of S/F1, vanishes on the non-
identity elements of S/F1. Thus χS is a multiple of the principal character
of S/F1, and so it has a principal constituent. By the way we deﬁned χ, we
know that F1 ⊆ S ⊆ IGν for some nonprincipal character ν ∈ IrrF1, and
so 3 divides IGν  F1. This contradicts Step 16(i).
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